
J Stat Phys (2008) 131: 153–165
DOI 10.1007/s10955-008-9484-4

Multiple Stochastic Point Processes in Gene Expression

Rajamanickam Murugan

Received: 21 July 2006 / Accepted: 10 January 2008 / Published online: 25 January 2008
© Springer Science+Business Media, LLC 2008

Abstract We generalize the idea of multiple-stochasticity in chemical reaction systems
to gene expression. Using Chemical Langevin Equation approach we investigate how this
multiple-stochasticity can influence the overall molecular number fluctuations. We show
that the main sources of this multiple-stochasticity in gene expression could be the ran-
domness in transcription and translation initiation times which in turn originates from the
underlying bio-macromolecular recognition processes such as the site-specific DNA-protein
interactions and therefore can be internally regulated by the supra-molecular structural fac-
tors such as the condensation/super-coiling of DNA. Our theory predicts that (1) in case
of gene expression system, the variances (ϕ) introduced by the randomness in transcription
and translation initiation-times approximately scales with the degree of condensation (s) of
DNA or mRNA as ϕ ∝ s−6. From the theoretical analysis of the Fano factor as well as coef-
ficient of variation associated with the protein number fluctuations we predict that (2) unlike
the singly-stochastic case where the Fano factor has been shown to be a monotonous func-
tion of translation rate, in case of multiple-stochastic gene expression the Fano factor is a
turn over function with a definite minimum. This in turn suggests that the multiple-stochastic
processes can also be well tuned to behave like a singly-stochastic point processes by ad-
justing the rate parameters.
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1 Introduction

Multiple stochastic point processes play critical roles in the generalization of the mass ac-
tion kinetics in biology and chemistry [1–5]. For example, the simple first order irreversible

chemical reaction x
k→ y can be well described by the deterministic mass action rate law

as dtx = −kx where x and y are the concentrations or number of reactant and the product
molecules respectively and k is the rate constant associated with this first order transition.
However, instead of producing a deterministic trajectory for the initial condition. x|t=0 = x0

as x = x0e
−kt or y = x0(1 − e−kt ), any experimental observation of this system will al-

ways produce any one of the realizations from the family of trajectories corresponding to
the integral solution of the stochastic differential equation (SDE) or Chemical Langevin
Equation (CLE) dtx = −kx + √

kxηx,t . Here ηx,t is the delta correlated Gaussian white
noise with mean 〈ηx,t 〉 = 0 and the variance obeying the fluctuation dissipation theorem as
〈ηx,tηx,t ′ 〉 = δ(t − t ′). The described system is a typical example of a singly-stochastic Pois-
son point processes. Here we implicitly assumed that the free-energy barrier that separates
the reactant x from the product y is an invariant with respect to the time scales associated
with the first order reaction dynamics and therefore k is a constant quantity. However, in
most of the biological systems, particularly in the fundamental bio-macromolecular recog-
nition processes such as DNA-protein [6–10], DNA-DNA [8], protein-protein and protein-
ligand interactions [11] this assumption has been shown to be invalid. Because the rate
coefficients as well as the diffusion terms associated with such processes will be a time
dependent fluctuating quantities whose probability distribution functions are in turn deter-
mined by the higher order structural features of the interacting bio-macromolecules such as
super-coiling/condensation of DNA [9] in case of DNA-protein and DNA-DNA interactions
[6–9] and the tertiary structure of protein molecule in case of protein-protein and protein-
ligand [11] interactions. These are typical examples of multiple-stochastic point processes.

The presence of these multiple stochastic sources eventually increases the overall fluc-
tuations in the number of molecules involved in the deterministic transition which in turn
drives the system towards higher disordered states. Therefore an external free energy input
is necessary to maintain the system in any ordered state or to reduce the number fluctuations.
For example, in case of site-specific DNA-protein interactions [6–9], the protein molecules
non-specifically binds with DNA lattice in the first step and then searches for the specific site
via one dimensional diffusion dynamics along DNA lattice. Since the non-specific contact
can form anywhere on DNA lattice, the rate coefficient associated with the protein mole-
cule to find its specific-site on DNA lattice is a random quantity. However, this randomness
can be reduced when the protein molecule which is undergoing a one-dimensional diffusion
dynamics along DNA lattice is energetically driven toward its specific-site. Interestingly,
studies [6–9] showed that when the protein molecule searches for the specific-site via unbi-
ased one-dimensional random jump dynamics with certain critical jump sizes as kc ≈ 2N2/3

where N is the size of DNA lattice under consideration in base-pairs (bps), then there is
no necessity for the existence of such external free energy inputs. The overall fluctuations
in the rate coefficients associated with the site-specific DNA-protein interactions can be
reduced by introducing a static as well as dynamical disorder in the diffusion term associ-
ated with the one-dimensional searching of the non-specifically bound protein molecule on
DNA [6–10] lattice. Recently we have shown that by including the fluctuations in transcrip-
tional initiation times which actually stem from the randomness in the site-specific inter-
actions of RNA polymerase (RNAP) enzyme with the promoter sequences on DNA lattice,
the singly-stochastic transcription process can be generalized as a doubly-stochastic point
process [10]. In this article, we generalize the idea of entire stochastic gene expression as a
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multiple-stochastic system and we will investigate how the multiple-stochasticity affects the
overall molecular number fluctuations and how the higher order molecular structural factors
controls such enhanced levels of fluctuations in gene expression. The organization of this
paper is as follows. First we derive the statistical measures associated with the fluctuations
in various components of gene expression system with singly stochastic noise sources and
then we discuss about the origin of various sources of the multiple-stochasticity in gene
expression. Then we derive the statistical measures associated with the fluctuations in vari-
ous components of gene expression system in the presence of multiple-stochasticity. Finally
we investigate how the overall noise level is influenced by the multiple-stochasticity and
how the supra molecular structural factors associated with DNA or mRNA controls such
multiple-stochastic effects.

2 Singly Stochastic Gene Expression

The entire process of gene expression that includes transcription of the genomic DNA into
mRNA by RNA polymerase enzyme (RNAP) and the subsequent translation of mRNA into
the protein polypeptide chain by ribosome can be well described [12, 13] by the following
chemical reaction scheme

DNA
mr→

RNAP
[Transcription-Initiation] τr→mRNA

mp→
RIBOSIME

[Translation-Initiation] τp→ Protein.

Here mr is the average transcription initiation time, mp is the average translation initiation
time, τr and τp are the total times associated with the formation of a complete transcript of
mRNA and the corresponding complete protein polypeptide chain respectively. The birth-
death master equation that describes the time evolution of the probability Pm,p,t of observing
m number of mRNA molecules and p number of protein molecules at time t can be written
as follows:

∂tPm,p,t = krPm−1,p,t + γr(m + 1)Pm+1,p,t + kpmPm,p−1,t + γp(p + 1)Pm,p+1,t

− (kr + γrm + kpm + γpp)Pm,p,t . (1)

Here kr = (mr + τr)
−1 is the overall transcription rate coefficient and kp = (mp + τp)−1

is the overall translation rate coefficient. Since the rate coefficients are invariant with re-
spect to the time variable, the differential difference equation (1) describes the dynamics
of a coupled two singly-stochastic systems where γr and γp are the decay rate constants
associated with mRNA and the protein molecules respectively. The Fokker-Plank approx-
imation corresponding to the master equation (1) with the initial condition Pm,p,t |m0·p0,0 =
δ(m − m0)δ(p − p0) can be given as follows [14, 15]:

∂tPm,p,t = −∂m[(kr − γrm)Pm,p,t ] − ∂p[(kpm − γpp)Pm,p,t ]
+ 2−1∂2

m[(kr + γrm)Pm,p,t ] + 2−1∂2
p[(kpm + γpp)Pm,p,t ]. (2)

The Fokker-Plank approximate equation (2) is equivalent to the following set of nonlinear
stochastic differential equations (SDE) or Chemical Langevin Equations (CLE)

dtm = kr − γrm + √
kr + γrmηr,t ,

(3)
dtp = kpm − γpp + √

kpm + γppηp,t .
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Here ηr,t and ηp,t are delta-correlated Gaussian white noise processes. When the dynamical
system described by (3) is close to the steady state which is particularly true under in vivo
biological conditions, we find that kr → γr〈m〉∞ and kp〈m〉∞ → γp〈p〉∞ and therefore we
can use the following system of linear-approximations:

dtm ≈ kr − γrm + √
qRηr,t ,

(4)
dtp ≈ kpm − γpp + √

qP ηp,t .

Here we have redefined qR = 2kr and qp = 2kp〈m〉∞ where 〈m〉∞ and 〈p〉∞ are the number
of mRNA and protein molecules in the stationary state respectively. The random term ηr,t

has the mean 〈ηr,t 〉 = 0 and variance 〈ηr,t ηr,t ′ 〉 = δ(t − t ′). Similarly the random term ηp,t

associated with the number of protein molecules is such that 〈ηp,t 〉 = 〈ηr,t ηp,t 〉 = 0 and
〈ηp,tηp,t ′ 〉 = δ(t − t ′). The general integral solutions to (4) can be given as follows:

m = m0e
−γr t + e−γr t

∫ t

0
(kr + ηm,s)e

γr sds,

(5)

p = p0e
−γpt + e−γpt

∫ t

0
(kpms + ηp,s)e

γpsds.

Using Fourier transform methods, we can easily compute the stationary state means and
variance associated with the number fluctuations in mRNA and protein molecules (e.g., Ref.
[14], p. 42). Defining the Fourier transforms of the dynamical variables p and m in (4) as
m̃w = ∫ +∞

−∞ me−iwtdt and p̃w = ∫ +∞
−∞ pe−iwtdt , (4) can be rewritten in the frequency domain

t → w as follows:

m̃w = 2πkr(γr + iw)−1(δ(w) + ηr,w),

p̃w = (γp + iw)−1(kpm̃w + ηp,w) (6)

= (γp + iw)−1(kp2πkr(γr + iw)−1(δ(w) + ηr,w) + ηp,w).

Here the noise terms are defined as ηr,w = ∫ +∞
−∞ ηr,t e

−iwtdt and ηp,w = ∫ +∞
−∞ ηp,t e

−iwtdt ,
and we also have [14] the relationships 〈ηr,w〉 = 〈ηp,w〉 = 0, and 〈ηr,wηr,w′ 〉 = δ(w − w′)
and 〈ηp,wηp,w′ 〉 = δ(w − w′). Using (6) we can derive the stationary state mean values
associated with the fluctuations in the number of mRNA and protein molecules as fol-
lows:

〈m〉∞ = kr

∫ +∞

−∞
(γr + iw)−1δ(w)eiwtdw = krγ

−1
r ,

(7)

〈p〉∞ = kp

∫ +∞

−∞
(γp + iw)−1(kr(γr + iw)−1δ(w))eiwtdw = kpkr(γpγr)

−1.

Similarly from (6) one can derive the following relationships:

〈m̃wm̃w′ 〉 = 4π2k2
r (γr + iw)−1(γr + iw′)−1(δ(w)δ(w′) + qRδ(w − w′)), (8)

〈p̃wp̃w′ 〉 = (γp + iw)−1(γp + iw′)−1(qP δ(w − w′) + k2
p〈m̃wm̃w′ 〉). (9)

From (8) and (9) one can derive the stationary-state zero-centered auto-covariance asso-
ciated with the number of mRNA and protein molecules in the limit w → w′ as fol-
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lows:

〈m2〉∞ =
∫ +∞

−∞

∫ +∞

−∞
(γr + iw)−1(γr + iw′)−1(k2

r δ(w)δ(w′)

+ qRδ(w − w′))eiwt eiw′t dwdw′

= k2
r γ

−2
r + qR(2γr)

−1, (10)

〈p2〉∞ =
∫ +∞

−∞

∫ +∞

−∞
(γp + iw)−1(γp + iw′)−1(k2

p〈m̃wm̃w′ 〉 + qP δ(w − w′))dwdw′

= k2
pk2

r γ
−2
p γ −2

r + qRk2
p(2γpγr)

−1(γp + γr)
−1 + qP (2γp)−1. (11)

From (7), (10–11) we finally obtain the stationary state mean centered auto-covariance
associated with the fluctuations in the number of mRNA and protein molecules as fol-
lows:

〈m2〉∞ − 〈m〉2∞ = qR(2γr)
−1,

〈p2〉∞ − 〈p〉2∞ = qP (2γp)−1 + k2
pqR(2γrγp(γp + γr))

−1.

}

(12)

Now using the previously defined quantities qR = 2kr and qp = 2kp〈m∞〉 one can easily
show that the stationary state Fano factor associated with the fluctuations in the number of
mRNA and protein molecules are given as follows:

Fm,∞ = 〈m〉−1∞ (〈m2〉∞ − 〈m〉2∞) = 1,

Fp,∞ = 〈p〉−1∞ (〈p2〉∞ − 〈p〉2∞) = 1 + kp(γp + γr)
−1.

}

(13)

Equation (13) clearly states that under singly-stochastic conditions the Fano factor as-
sociated with the fluctuations in the number of mRNA molecules will be equal to one.
Now by defining translational efficiency as the ratio ε = kpγ −1

r and noting the fact
that 1 
 (γpγ −1

r ) i.e., the life times γ −1
r of mRNA transcript is much less than that

of the life times γ −1
p of the protein molecule, one can easily obtain the relationship

Fp,∞ ≈ 1 + ε which indicates that the statistics of the fluctuations in the number of
protein molecules significantly deviates from the Poisson as translational efficiency in-
creases. However here one should note that the fluctuations in the number of mRNA
molecules still obey the Poisson statistics since the Fano factor is Fm,∞ = 1. Similarly
the coefficient of variation that is simply the ratio between the standard deviation and
the mean, which is a statistical measure of the strength of the number fluctuations as-
sociated with various components of the gene expression system can be given as fol-
lows:

Cm,∞ = √
γrk−1

r = 〈m〉−1/2
∞ ,

Cp,∞ = √
γrγp(krkp)−1 + γrγp(kr (γp + γr))−1 = 〈p〉−1/2

∞
√

1 + kp(γp + γr)−1.

}

(14)

So far we have derived the statistical measures associated with the fluctuations in the num-
ber of various components in the singly-stochastic gene expression system. In the flowing
sections we will show that this singly-stochastic assumption is not valid and we enumerate
the various possibilities associated with the origin of such multiple-stochasticity in gene
expression.
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3 Sources of Multiple-Stochasticity in Gene Expression

Both transcription and translation consist of at least three sub processes viz. initiation, elon-
gation and termination. Here, elongation and termination are somewhat thermodynamically
driven processes and therefore the corresponding fluctuations are efficiently controlled.
However, the initiation step is purely a stochastic process and therefore prone to signifi-
cant amount of fluctuations. At the molecular level, transcription or translation initiation
processes involves the recognition of the promoter sequences on DNA lattice by RNA poly-
merase enzyme (RNAP) or ribosome binding sites (RBS) on mRNA lattice by ribosome
[16]. Here one should note that the process of initiation of transcription and translation can
be modeled as a random walk with random step size where RNAP searches for the pro-
moter sequences on DNA lattice in case of transcription and the small subunit of ribosome
searches for the ribosome binding site (RBS) on mRNA lattice in the case of translation. In
both cases, a protein molecule (RNAP or small subunit of ribosome) searches for its recog-
nition site on the nucleic acid (DNA/mRNA) lattice starting from a random non-specific
initial position. Therefore the time that is taken by the protein molecule to locate its specific
site on the nucleic acid template will be a random quantity. Since the overall transcription
process also includes the random initiation step, we can conclude that the overall transcrip-
tion rate should be a time dependent random quantity. In the following sections we compute
the central measure properties such as mean and the variance associated with these random
transcription and translation rates.

Let us start with considering a stretch of linear DNA lattice of N base-pairs in length
containing the promoter, coding sequence and the terminator which are the minimal require-
ments of the simple house-keeping genes. Let us assume that the promoter which is situated
at the lattice position Ng such that 0 < Ng < N where the set of lattice points {0,N} con-
stitutes the reflecting [see Fig. 1 for details on the various boundary conditions discussed
in this section] helical ends [7, 10] and the RNA-polymerase (RNAP) enzyme molecule is

Fig. 1 Various boundary conditions used in deriving the statistical measures associated with the fluctua-
tions in transcription and translation initiation times. Here RNAP denotes the RNA polymerase enzyme, P

denotes the promoter sequences whose starting position is Ng on DNA lattice, RBS denotes the ribosome
binding site on mRNA lattice whose position is Nr on mRNA lattice and R denotes the ribosome. Here both
RNAP and R first non-specifically binds with the respective nucleic acid lattices and then search for their
corresponding specific sites via one dimensional unbiased random jump dynamics along the respective nu-
cleic acid lattices. Here the jump size associated with the dynamics is directly proportional to the degree of
super-coiling/condensation of the respective nucleic acid templates
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non-specifically bound at the lattice position x = 0 at time t = 0 and currently performing
a one dimensional unbiased random walk search along DNA lattice to locate the promoter
sequence in order to initiate transcription event which is then followed by the synthesis
of mRNA transcript from DNA template. The probability of observing the non-specifically
bound RNAP at an arbitrary position x on DNA lattice at time t > 0 can be given as follows:

P (x, t |0,0) = 2N−1
g

∞∑

n=1

e−(2n−1)28−1N−2
g π2Dgt cos((2n − 1)π2−1N−1

g x). (15)

Equation (15) can be obtained by solving the one-dimensional Fokker-Plank equation
∂tP (x, t |0,0) = 2−1Dg∂

2
xP (x, t |0,0) for the initial condition P (x,0|0,0) = δ(x) and the

boundary conditions ∂xPx(x, t |0,0)|x=0 = P (x, t |0,0)|x=Ng = 0, using bi-orthogonal eigen-
function expansion method [14, 15] in the interval 0 < x < Ng where x = 0 is reflecting
boundary and the lattice point x = Ng is the absorbing boundary and, Dg = kdg3−1sr (sr +
1)(2sr + 1) ≈ 2kdg3−1s3

r is the one dimensional phenomenological diffusion coefficient as-
sociated with the dynamics of the non-specifically bound RNA polymerase on DNA lat-
tice. Here sr is the jump size, and kdg is the maximum three dimensional diffusion con-
trolled collision rate associated with the dynamics of RNAP under solution conditions.
Here one should note that the jump size sr can be positively correlated with the degree
of super-coiling/condensation of the template DNA under consideration. Now, the first pas-
sage time T taken by the RNAP to find the promoter for the first time starting from the DNA
position x = 0 at time t = 0 can be shown [10] to be distributed ω(T |0) as follows:

ω(T |0) = 2−1πDgN
−2
g

∞∑

n=1

(−1)n+1(2n − 1)e−(2n−1)28−1N−2
g π2DgT . (16)

Equation (16) can be obtained [14] from the relationship ω(T |0) = − ∫ Ng

0 ∂T P (x,T |0,0)dx.
Now the mean mr associated with the first passage time T (MFPT) can be given as follows:

〈T 〉 =
∫ ∞

0
T ω(T |0)dT = N2

gD−1
g = mr. (17)

Here one should note that the probability distribution function ω(T |0) given by (16) is
strongly dependent on the jump size sr associated with the dynamics of the RNAP on DNA
lattice in the process of searching for the promoter sequences since we have Dg ≈ 2kdg3−1s3

r .
Higher jump sizes will eventually narrow down the probability distribution function given
by (16). This is a typical case where the fluctuations in the jump sizes can in turn reduce
the fluctuations in the initiation times. Now, one can easily derive the expression for the
variance associated with transcription initiation times as follows:

〈T 2〉 − 〈T 〉2 = ϕr = 2N4
g 3−1D−2

g . (18)

From the relationship Dg ≈ 2kdg3−1s3
r and (18), it is clear that the variance associated

with transcription initiation times decreases with the jump sizes sr associated with the
dynamics of RNAP on DNA lattice as ϕr ∝ s−6

r . Here we should recall the fact that T

is the time required for the initiation of transcription which is then followed by the syn-
thesis of mRNA transcript. If the time that is required to make a complete mRNA tran-
script by the RNAP machinery after transcription initiation event is τr , then the average
overall transcription rate is simply given as kr = 〈(T + τr )〉−1 = (mr + τr)

−1. Due to the
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presence of in-homogeneities in the initiation times associated with transcription, kr is
always a time dependent random quantity with definite mean and variance i.e., one can
write kr → (kr,t = μr + ξr,t ) so that the mean value is given as 〈kr,t 〉 = μr + 〈ξr,t 〉 = μr .
Though it is obvious to note that kr = μr , we have used different symbol just to discrim-
inate the mean value of the time-dependent transcription rate μr from the normal time-
independent transcription rate kr . Here ξr,t is the delta correlated Gaussian white noise
process with mean 〈ξr,t 〉 = 0 and the variance 〈ξr,t ξr,t 〉 = φR . Since we assumed a constant
time for transcription elongation step, the variance associated with the fluctuations in the
overall transcription times (T + τr) can be simply given as 〈(T + τr)

2〉 − 〈(T + τr)〉2 = ϕr .
Apart from this, the variance associated with the fluctuations in the overall transcriptional
rate kr,t should also be a function of ϕr as 〈ξr,t ξr,t 〉 = φR = Ω(ϕr). Noting the fact that
μr ∝ T −1 one can guess the functional relationship as φR ∝ ϕ−1

r . To evaluate φR one need
to transform the distribution function given by (16) as ω(T |0) → ω(μr |0) using the vari-
able transformation as T → μ−1

r . The transformed distribution function ω(μr |0) can be

given [14] as ω(μr |0) ∝ 4π−1
∑∞

n=1(−1)n+1μ−2
r (2n − 1)−1e−(2n−1)28−1N−2

g π2Dgμ−1
r . How-

ever, since the integrals
∫ ∞

0 μrω(μr |0)dμr → ∞ and
∫ ∞

0 μ2
rω(μr |0)dμr → ∞ diverge, we

cannot use these transformations for computing the mean and variance associated with the
rate constant variable μr . Using the following simple arguments, one can show that the
functional Ω(ϕr) is approximately a linear type when transcription elongation time τr is
much higher than that of transcription initiation times which is true when the length of the
transcripts is much higher. Let us assume that the lowest as well as highest values of the
overall transcription times are given as (Tmin + τr) and (Tmax + τr) where Tmin and Tmax

are chosen in such a way that the corresponding probabilities satisfying the inequalities
ω(Tmin|0) ≥ pcutoff and ω(Tmax|0) ≥ pcutoff. Here we should note that the cutoff probability
pcutoff can be arbitrarily chosen. Now the effective range that is associated with transcription
initiation times can be given as δT = (Tmax − Tmin). On the other hand the corresponding
range in the overall transcription rate for the same probability cutoff pcutoff can be given
as (Tmin + τr)

−1 − (Tmax + τr )
−1. When the elongation time τr is such that Tmin � τr and

Tmax � τr then it is obvious to note that the range of the overall transcription rates can be
approximately given as δμ = τ−2

r (Tmax − Tmin) which is simply the linear transformation of
the range of overall transcription initiation times as δμ = τ−2

r δT . Since the effective range
of the probability distribution function is directly proportional to the variance as δT ∝ ϕr

and, therefore δμ ∝ δT and δμ ∝ ϕR , we can conclude that the functional Ω(ϕr) is correlated
linearly with ϕR as φR ∝ τ−2

r ϕr when Tmin � τr and Tmax � τr .
Now in case of translation, the small subunit of ribosome nonspecifically binds to mRNA

transcript and then searches for the ribosome binding sites (RBS) via one-dimensional dif-
fusion dynamics along mRNA lattice. Here the position Nr of the RBS on mRNA lattice is
such that 0 < Nr < Nm, where Nm is the total size of mRNA under consideration and the
small subunit of the ribosome searches for the RBS (ribosome binding site) which acts as the
absorbing boundary and the set of lattice points {0,Nm} constitutes the reflecting boundaries.
If the time that is necessary to make one fully translated polypeptide chain is τp , then the
overall translation rate is given as kp = (mp + τp)−1 where mp = N2

r D−1
r is the mean time

associated with the ribosome to find the ribosome binding site (RBS), starting from the posi-
tion x = 0 on mRNA lattice at time t = 0 and Dr = kdr3−1sp(sp + 1)(2sp + 1) ≈ 2kdr3−1s3

p

is the one-dimensional phenomenological diffusion coefficient associated with the dynam-
ics of the ribosome. Here kdr is the three dimensional diffusion-controlled rate associated
with the dynamics of the ribosome small subunit (RBS) in solution condition and sp is the
jump size associated with the one dimensional diffusion of the ribosome on mRNA lattice.
When we consider the in-homogeneities in translation initiation times, we obtain the time
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dependent overall translation rate as kp → (kp,t = μp + ξp,t ) with a mean value such that
〈kp,t 〉 = μp and the variance such that 〈kp,t kp,t 〉 = 〈ξp,t ξp,t 〉, where ξp,t is a delta correlated
Gaussian white noise with mean 〈ξp,t 〉 = 0 and variance 〈ξp,t ξp,t 〉 = φP . Though it is obvi-
ous to note that kp = μp , we have used different symbol just to differentiate the mean value
of time-dependent translation rate μp from the normal time-independent translation rate kp .
Here we should note that ϕp = 2N4

r 3−1D−2
r is the variance associated with translation ini-

tiation times and using the same arguments as in case of transcription we can show that
〈ξp,t ξp,t 〉 = φP = Ω(ϕp), where Ω(ϕp) is approximately a linear function as φP ∝ τ−2

p ϕp

when translation elongation time τp is much higher than that of translation initiation times.

4 Multiple-Stochasticity in Gene Expression

With this background, the set of stochastic differential equations that describe the time evo-
lution of the number of mRNA and protein molecules in the presence of in-homogeneities
in the corresponding initiation times can be written as follows:

dtm = μr + ξr,t − γrm + ηr,t ,
(19)

dtp = μpm + ξp,tm − γpp + ηp,t .

Equation (19) describes a coupled two multiple-stochastic point processes where
〈ξr,t ηr,t 〉 = 0 and 〈ξp,tηp,t 〉 = 0, and also 〈ξr,t ξp,t 〉 = 0. The general integral solution to (19)
can be written as follows:

m = m0e
−μmt + e−μr t

∫ t

0
(ξr,s − γrms + ηr,s)e

μr sds,

(20)

p = p0e
−μpt + e−μpt

∫ t

0
(μpms + ξp,sms − γpps + ηp,s)e

μpsds.

Since we are interested in the stationary state means and the variances, we can easily obtain
them from (19) by Fourier transform methods. Defining the Fourier transforms as we have
done in the previous sections as m̃w = ∫ +∞

−∞ me−iwtdt and p̃w = ∫ +∞
−∞ pe−iwtdt (19) will

take the form as follows:

m̃w = (γr + iw)−1(2πμrδ(w) + ξr,w + ηr,w), (21)

p̃w = (γp + iw)−1(μpm̃w + (ξp,w ⊗ m̃w) + ηp,w). (22)

Now using the convolution theorem (F (w) ⊗ G(w)) = ∫ +∞
−∞ F(y)G(w − y)dy, the convo-

lution term (ξp,w ⊗ m̃w) in (22) can be expanded as follows:

(ξp,w ⊗ m̃w) = 2πμrγ
−1
r ξp,w +

∫ +∞

−∞
(ξp,yξm,w−y + ξp,yηr,w−y)(γr + i(w − y))−1dy. (23)

Using (21–23) we can derive the stationary state mean values associated with the number
of mRNA and protein molecules in the presence of in-homogeneities in transcription and
translation rates as follows:

〈m〉∞ = μr

∫ +∞

−∞
δ(w)(γr + iw)−1eiwtdw = μrγ

−1
r ,

〈p〉∞ = μp

∫ +∞

−∞
(γp + iw)−1m̃weiwtdw = μpμr(γpγr)

−1.

(24)
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Equation (24) clearly states that the mean values associated with the number of mRNA and
protein molecules are not indeed affected by the presence of in-homogeneities in translation
and transcription rates. From (21) and (22) we can drive the following relationships:

〈m̃wm̃w′ 〉 = 4π2μ2
r (γr + iw)−1(γr + iw′)−1(δ(w)δ(w′)

+ qRδ(w − w′) + φRδ(w − w′)), (25)

〈p̃wp̃w′ 〉 = (γp + iw)−1(γp + iw′)−1(qP δ(w − w′) + μrγ
−1
r φR + μ2

p〈m̃wm̃w′ 〉). (26)

From (25) in the limit w → w′, one can drive the stationary state zero centered auto co-
variances associated with the number of mRNA as follows:

〈m2〉∞ = μ2
r

∫ +∞

−∞

∫ +∞

−∞
(γm + iw)−1(γm + iw′)−1δ(w)eiwt δ(w′)eiw′t dwdw′

+ (qR + φR)

∫ +∞

−∞

∫ +∞

−∞
(γm + iw)−1(γm + iw′)−1δ(w − w′)eiwt eiw′t dwdw′

= k2
r γ

−2
r + (2γr)

−1(qR + φR). (27)

Similarly from (26) in the limit w → w′ one can drive the stationary state zero centered auto
co-variance associated with the protein number fluctuations as follows:

〈p2〉∞ = μ2
p

∫ +∞

−∞

∫ +∞

−∞
(γp + iw)−1(γp + iw′)−1〈m̃wm̃w〉eiwt eiw′t dwdw′

+ (qP + μrφRγ −1
r )

∫ +∞

−∞

∫ +∞

−∞
(γp + iw)−1(γp + iw′)−1

× δ(w − w′)eiwt eiw′t dwdw′

= μ2
pμ2

r γ
−2
p γ −2

r + μ2
p(φP + qR)(2γpγr(γp + γr))

−1

+ (2γp)−1(qP + μrφRγ −1
r ). (28)

From (24–28) we finally obtain the stationary state mean centered auto co-variances associ-
ated with the fluctuations in the number of mRNA and protein molecules in the presence of
in-homogeneities in both transcription and translation initiation times as follows:

〈m2〉∞ − 〈m〉2∞ = qR(2γr)
−1 + φR(2γr)

−1,

〈p2〉∞ − 〈p〉2∞ = qP (2γp)−1 + μ2
pqR(2γpγr(γp + γr))

−1 + μ2
pφP (2γpγr(γp + γr))

−1

+ (2γpγr)
−1μrφR.

⎫
⎪⎪⎬

⎪⎪⎭

(29)

Equation (29) clearly states that unlike the mean values, the stationary state variances as-
sociated with the fluctuations in the number of mRNA and protein molecules are strongly
influenced by the in-homogeneities in the initiation times of transcription and translation. As
we have discussed in the introduction section, the multiple stochasticity eventually increases
the overall disorder of the system.
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5 Results and Discussion

Noting that qP = 2μpμrγ
−1
r and qR = 2μr , from (29) we can calculate the stationary state

Fano factors Fm,∞ and Fp,∞ associated with the stationary state fluctuations in the number
of mRNA and protein molecules as follows:

Fm,∞ = 1 + φR(2μr)
−1,

Fp,∞ = 1 + μp(γp + γr)
−1 + μpφP (2μr(γp + γr))

−1 + φR(2μp)−1.
(30)

Equations (29) and (30) are the central results of this paper which clearly states that the Fano
factor associated with the fluctuations in the number of protein molecules is strongly influ-
enced by the in-homogeneities in transcription as well as translation initiation times. From
the comparison of (13) with (30) we predict that unlike singly stochastic gene expression, in
case of multiple-stochastic gene expression, the Fano factor is nonlinearly correlated with
translation rate μp . Moreover upon equating the first derivative of Fp,∞ with respect to μp

as ∂μpFp,∞ = 0 one finds that the Fano factor is a minimum at μp = μp,min where μp,min

is defined as μp,min = φRμr(γp + γr)(2μr + φP )−1. This clearly indicates that by changing
the rate constant parameters of the reaction system, the multiple-stochastic processes can
be tuned to behave like the singly-stochastic processes. Figure 2 clearly demonstrates the
behavior of the Fp,∞ as the function of both μp and μr . Similarly the coefficients variation
Cm,∞ and Cp,∞ of the number fluctuations associated with the various components of the
gene expression in the presence of in-homogeneities in the initiation times can be given as
follows:

Cm,∞ = √
μ−1

r γr

√
1 + φR(2μr)−1,

Cp,∞ = √
γrγp(μrμp)−1

× √
1 + μp(γp + γr)−1 + μpφP (2μr(γp + γr))−1 + φR(2μp)−1.

(31)

Equation (31) clearly states that similar to the Fano factor, the coefficient of variation which
is the measure of the overall fluctuations in the number of mRNA and the protein mole-
cules also significantly increases with the in-homogeneities in transcription and translation

Fig. 2 Nonlinear behavior of the
stationary state Fano factor Fp,∞
associated with fluctuations in
the number of protein molecules
with respect to translational rate
and transcriptional rate.
Equation (30) was used for
plotting purpose. Here the
assumed parametric values are
φP = φR = 1 and γp = γr = 1
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initiation times. Now we will show that the super coiling of DNA as well as mRNA lattice
can reduce the increased level of fluctuations which is caused by the multiple-stochasticity
in gene expression. RNA polymerase or the ribosome non-specifically binds with DNA or
mRNA lattice in the first step and then searches for the corresponding promoter or ribo-
some binding sites via one-dimensional diffusion along DNA or mRNA lattice. Here one
should note that the corresponding one-dimensional diffusion coefficient is connected with
the jump sizes associated with the dynamics of RNAP or ribosome as Dg ≈ 2kdg3−1s3

r or
Dr ≈ 2kdr3−1s3

p where sr and sp are the jump sizes of RNAP and ribosome respectively.
When transcription as well as translation elongation times are much higher than that of the
corresponding transcription T̄r and translation T̄p initiation times as T̄r � τr and T̄p � τp

then variance associated with the overall translation and transcription rates φP = Ω(ϕp) and
φR = Ω(ϕr) are approximately the linear functionals of the corresponding variances associ-
ated with the initiation times as φR ∝ τ−2

r ϕr and φP ∝ τ−2
p ϕp , and therefore one can derive

the scaling laws as φP ∝ s−6
p and φR ∝ s−6

r from the definitions of the variances of transcrip-
tion and translation initiation times, i.e., ϕr = 2N4

g 3−1D−2
g and ϕp = 2N4

r 3−1D−2
r . These

scaling laws indirectly indicate that the super-coiling of DNA or mRNA lattice can in turn
significantly reduce the fluctuations introduced by the multiple-stochasticity in gene expres-
sion since the jump size associated with such one-dimensional diffusion dynamics of RNAP
or ribosome is in turn directly proportional to the degree of super coiling/condensation of
the corresponding DNA or mRNA lattice. However, here one should note that the intrinsic
fluctuations introduced by the stochastic forces ηr,t and ηp,t cannot be controlled by these
supra molecular structural factors.

6 Conclusions

In summary, using the gene expression as a model system, we have shown that the multiple-
stochasticity eventually increases the overall molecular number fluctuations in the chemical
reaction systems. We showed that the main sources of this multiple-stochasticity could be
the randomness in transcription and translation initiation times which in turn originate from
the fluctuations in the underlying fundamental processes such as site-specific DNA-protein
interactions and therefore these multiple-stochastic effects can be internally controlled by
the supra molecular structural factors such as the super coiling of DNA lattice as in case of
DNA-protein interactions. Analysis of the Fano factor as well as the coefficient of variation
associated with the protein number fluctuations revealed that unlike the singly-stochastic
case where the Fano factor is a monotonous function of translation rate, in case of multiple-
stochastic gene expression the Fano factor is a turn-over function of translation rate with a
definite minimum. This indicates that the multiple-stochastic processes can be well tuned to
behave like the singly-stochastic point processes by adjusting the rate parameters.
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